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COMPUTING EXPONENTIALS OF
SKEW-SYMMETRIC MATRICES AND
LOGARITHMS OF ORTHOGONAL MATRICES

J. Gallier* and D. Xu*

Abstract

The authors show that there is a generalization of Rodrigues’ formula
for computing the exponential map exp: so(n) — SO(n) from skew-
symmetric matrices to orthogonal matrices when n > 4, and give
a method for computing some determination of the (multivalued)
function log: SO(n) — so(n). The key idea is the decomposition of a
skew-symmetric n X n matrix B in terms of (unique) skew-symmetric
matrices Bi,...,Bp obtained from the diagonalization of B and
satisfying some simple algebraic identities. A subproblem arising in
computing log R, where R € SO(n), is the problem of finding a skew-
symmetric matrix B, given the matrix B2, and knowing that B2 has
eigenvalues —1 and 0. The authors also consider the exponential map
exp: se(n) — SE(n), where se(n) is the Lie algebra of the Lie group
SE(n) of (affine) rigid motions. The authors show that there is a
Rodrigues-like formula for computing this exponential map, and give
a method for computing some determination of the (multivalued)
function log: SE(n) — se(n). This yields a direct proof of the
surjectivity of exp: se(n) — SE(n).
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1. Introduction

Given a real skew-symmetric n x n matrix B, it is well
known that R = e® is a rotation matrix, where:

is the exponential of B (for instance, see Chevalley [1],
Marsden and Ratiu [2], or Warner [3]). Conversely, given
any rotation matrix R € SO(n), there is some skew-
symmetric matrix B such that R = e”. These two facts can
be expressed by saying that the map exp: so(n) — SO(n)
from the Lie algebra so(n) of skew-symmetric n x n matri-
ces to the Lie group SO(n) is surjective (see Brocker and

* Department of Computer and Information Science, Univer-
sity of Pennsylvania, Philadelphia, PA 19104, USA; e-mail:
jean@saul.cis.upenn.edu, xuy@graphics.cis.upenn.edu

(paper no. 206-2550)

tom Dieck [4]). The surjectivity of exp is an important
property. Indeed, it implies the existence of a function log:
SO(n) — so(n) (only locally a function, log is really a mul-
tivalued function), and this has interesting applications.
For example, exp and log can be used for motion interpo-
lation, as illustrated in Kim, M.-J., Kim, M.-S and Shin
[5, 6], and Park and Ravani [7, 8]. Motion interpolation
and rational motions have also been investigated by Jiittler
[9, 10], Jittler and Wagner [11, 12], Horsch and Jiittler [13],
and Roschel [14]. In its simplest form, the problem is as
follows: given two rotation matrices Ry, Ry € SO(n), find
a ‘“natural” interpolating rotation R(t), where 0 < ¢ < 1.
Of course, it would be necessary to clarify what we mean
by “natural,” but note that we have the following solution:

R(t) = exp((1 — t)log Ry + tlog Ry)

In theory, the problem is solved. However, it is still
necessary to compute exp(B) and log R effectively.

When n = 2, a skew-symmetric matrix B can be
written as B = 0J, where:

and it is easily shown that:
eB = e = cos 01 +sin6J

Given R € SO(2), we can find cos € because tr(R) = 2 cos 6
(where tr(R) denotes the trace of R). Thus, the problem is
completely solved.

When n = 3, a real skew-symmetric matrix B is of the
form:

0 —c b
B = c 0 —-a
-b a 0

and letting 0 = Va2 + b2 + ¢2, we have the well-known
formula due to Rodrigues:

. 51n93+ (1 —cosb)

2
0 62 B




with ef = I3 when B = 0 (for instance, see Marsden and
Ratiu [2], McCarthy [15], or Murray, Li, and Sastry [16]).

It turns out that it is more convenient to normalize B,
that is, to write B = 6By (where By = B/6, assuming that
6 # 0), in which case the formula becomes:

e?Br = I3 4+ sinB; + (1 — cos§) B

Also, given R € SO(3), we can find cos # because tr(R) =
1+ 2cos 6, and we can find B; by observing that:

1(R—RT) =sinfB;

Actually, the above formula cannot be used when 6 = 0 or
0 = 7, as sinf = 0 in these cases. When 6§ = 0, we have
R = I3 and B; = 0, and when 6 = 7, we need to find B,
such that:

B = 3(R—Is)

As Bj is a skew-symmetric 3 x 3 matrix, this amounts
to solving some simple equations with three unknowns.
Again, the problem is completely solved.

What about the cases where n > 47 The reason why
Rodrigues’ formula can be derived is that:

B*=—-6°B

or, equivalently, B} = —B;. Unfortunately, for n > 4,
given any non-null skew-symmetric n X n matrix B, it is
generally false that B3 = —02B, and the reasoning used in
the 3D case does not apply.

In this article, we show that there is a generalization
of Rodrigues’ formula for computing the exponential map
exp: s0(n)— SO(n), when n > 4, and we give a method
for computing some determination of the (multivalued)
function log function log: SO(n)— so(n). The key to the
solution is that, given a skew-symmetric n X n matrix B,
there are p unique skew-symmetric matrices By,..., B,
such that B can be expressed as:

B=0B1+ --+0,B,
where:

{1601, —ib1,...,i0,, —16,}
is the set of distinct eigenvalues of B, with 6; > 0 and
where:

B;Bj = BjB; =0, (i#j)
B} = —B;

This reduces the problem to the case of 3 x 3 matrices.
We also consider the exponential map exp se(n) — SE(n),
where se(n) is the Lie algebra of the Lie group SE(n) of
(affine) rigid motions. We show that there is a Rodrigues-
like formula for computing this exponential map, and we
give a method for computing some determination of the
(multivalued) function log: SE(n) — se(n).

The general problem of computing the exponential of
a matrix is discussed in Moler and Van Loan [17]. However,
more general types of matrices are considered. The problem

of computing the logarithm and the exponential of a matrix
is also investigated in [18, 19].

The article is organized as follows. In Section 2
we give a Rodrigues-like formula for computing exp:
so(n) —SO(n). In Section 3 we show how to compute
log: SO(4) — so0(4) in the special case of SO(4), which is
simpler. In Section 4 we show how to compute some deter-
mination of the (multivalued) function log: SO(n) — so(n)
in general (n > 4). In Section 5 we give a Rodrigues-like
formula for computing exp: se(n) — SE(n). In Section 6 we
show how to compute some determination of the (multi-
valued) function log: SE(n) — se(n). Our method yields a
simple proof of the surjectivity of exp: se(n) — SE(n). In
Section 7 we solve the problem of finding a skew-symmetric
matrix B, given the matrix B2, and knowing that B2 has
eigenvalues —1 and 0. Section 8 draws conclusions.

2. A Rodrigues-Like Formula for
exp: so(n) —SO(n)

In this section, we give a Rodrigues-like formula showing
how to compute the exponential e? of a skew-symmetric
n X n matrix B, where n > 4. We also show the uniqueness
of the matrices Bi,..., B, used in the decomposition of
B mentioned in the introductory section. The following
fairly well-known lemma plays a key role in obtaining the
matrices By, ..., By (see Horn and Johnson [20], Corollary
2.5.14, or Bourbaki [21]).

Lemma 2.1. Given any skew-symmetric n X n matrix B
(n > 2), there is some orthogonal matrix P and some block
diagonal matrix E such that:

B = PEPT
with E of the form:

Ey

E.n
0n72m

where each block FE; is a real two-dimensional matrix of
the form:

0 -0 0 -1
E; = =0;
0; 0 1 0

with 6; > 0

Observe that the eigenvalues of B are £i6;, or 0, recon-
firming the well-known fact that the eigenvalues of a
skew-symmetric matrix are purely imaginary, or null. We
now prove the existence and uniqueness of the B;’s as well
as the generalized Rodrigues’ formula.

Theorem 2.2. Given any non-null skew-symmetric n xn
matrix B, where n > 3, if:

{i6y,—i0y,. .., i0,, —i0,}



is the set of distinct eigenvalues of B, where 6; > 0 and
each i0; (and —i6;) has multiplicity k; > 1, there are p

unique skew-symmetric matrices By, ..., B, such that:
B=60:Bi1+---+0,B, (1)
B,B; = B;B; =0, (i# ) (2)
B} = -B; 3)

for all 7,7 with 1 <4,5 < p, and 2p < n. Furthermore:
P

B =N Bt By — 1 4N (sin6;B; + (1 — cos 0;) BY)
i=1

and {61,...,0,} is the set of the distinct positive square
roots of the 2m positive eigenvalues of the symmetric
matrix —1/4(B — BT)?, where m = k1 + - - + k.

Proof. By Lemma 2.1, the matrix B can be written
as:

B =PEPT

where F is a block diagonal matrix consisting of m non-zero
blocks of the form:

0 -1
1 0
If:
(i01, —i0r, ..., iy, —i0,}

is the set of distinct eigenvalues of B, where §; > 0, for
every j, there is a non-empty set:

S; = {iny ... in, }

of indices (in the set {1,...,m}) corresponding to all
the blocks E; in which 6; occurs. Let F; be the matrix
obtained by zeroing from E the blocks Ej, where k ¢ S;.
By factoring 6; in F};, we have:

Fj = GjGj
and we let:
B; = PG;PT

It is obvious by construction that the three equations
(1)—(3) hold.
As B; and B; commute for all 7, j, we have:

B — 601B1+---+0po — 69131 . .eepo

e
However, using:
B} = —B;

7

as in the 3 x 3 case, we can show that:

e Bi = I, +sin0;B; + (1 — cos 0;) B

Indeed, B} = —B; implies that:

B+ — Bl and B¥?H - _pi
forj=1,2 and allk>0

and thus, we get:

oF Bk
97;31' _— 3 3
R D v

k>1
0; 9? 9?
:In+<1!—3!+5!+"’>Bi
07 o, 0 >
+(21!—4!+6!+"-)Bi

=1I, +sin6;B; + (1 — cos 91»)BZ-2

Since:
BB; = B;B; =0, (i# )
we get:
P m
eB = H eliBi = H(I" +sin6; B; + (1 — cos 0;) B?)
i=1 i=1
P
=1I,+ Z(sinHiBi + (1 — cos 0;) B?)
i=1

The matrix 1/4(B— BT)? is of the form PE%PT, where:

2 0
0 6

E?2 —

(2

Thus, the eigenvalues of —1/4(B — BT)? are:

(62,0%,...,6%,6%.0,...,0)
——
n—=2m
and thus (01, ...,0,,) are the positive square roots of the

eigenvalues of the symmetric matrix —1/4(B — BT)?2.

We now prove the uniqueness of the B;’s. If we assume
that matrices B;’s with the required properties exist, using
the properties of the B;’s, we get the system:

B = ZeiBi
z:lp

B = - 03B,
pl:l

B° = 6B, (4)
i=1

p
B¥~l = (1) 677 B,
=1



The determinant of this system is:

0, 0 . 0,

—63 —03 o _gg

(—Lpm1g2t (~1pigPt L (—yriget
Observe that the above matrix is the product of the
diagonal matrix:

diag(1,—1,1,—1,...,1,(=1)P"1)

by the matrix:

<ﬁ 9i> V(6?,...,0%)

where V(67,...,602) is a Vandermonde matrix. Therefore,
the determinant §,, can be immediately computed, and we
get:

D
1

i=1 1<i<j<p

Since the 6;’s are positive and all distinct, §,, # 0. Thus,
By, ..., B, are uniquely determined from B and its non-
null eigenvalues. O

Given a skew-symmetric n X n matrix B, we can
compute 6q,...,0, and B,..., B, as follows. By Theo-
rem 2.2 62,..., 05 are the distinct non-null eigenvalues of
the symmetric matrix —1/4(B— BT)?2, and there are several
numerical methods for computing eigenvalues of symmetric
matrices (see Golub and Van Loan [22] or Trefethen and
Bau [23]). Then, we find By, ..., B, by solving the linear
system (4) used in the proof of Theorem 2.2.

Note that B; has the eigenvalues ¢,—i, each with
multiplicity k;, and 0 with multiplicity n — 2k;. Now recall
the following structure lemma for rotations in SO(n) (e.g.,
see Berger [24] or Horn and Johnson [20], Corollary 2.5.14).

Lemma 2.3. For every rotation matrix R € SO(n), there
is a block diagonal matrix D and an orthogonal matrix P
such that:

R=PDPT

where D is a block diagonal matrix of the form:

D,

Dy,
In72m

where the first m blocks D; are of the form:

cost; —sinb; )
D; = with0 < 6, <
sinf; cosb;

Using the surjectivity of the exponential map exp:
so(n) —SO(n), which easily follows from Lemma 2.1,
Lemma 2.3 and the fact that if:

0 -0,
E; =
0; 0
then
cost); —sinb;
efi =

sinf;  cosb;

and we obtain the following characterization of rotations
in SO(n), where n > 3:

Lemma 2.4. Given any rotation matrix ReSO(n),
where n > 3, if:

{6i91,67i91 ey eiap, 671’017}
is the set of distinct eigenvalues of R different from 1,

where 0 < 6; < 7, there are p skew symmetric matrices
B, ..., By such that:

B;Bj = BjB; =0, (i#}j)
B} = -B;

for all 7,j with 1 < ¢,j < p, and 2p < n, and furthermore:
P
R = Bt Z<Sin9iBi + (1 — cos 0;) B?)
i=1
Lemma 2.4 implies that:
{cosb1,...,cos6,}

is the set of eigenvalues of the symmetric matrix
1/2(R+ RT) that are different from 1. However, the matri-
ces By,..., B, are not necessarily unique. This has to do
with the fact that we may have sin#; = 0 when 0; = 7.
Nevertheless, it is possible to find By, ..., B, from R. We
begin with the case n = 4, as it is simpler.

3. Computing log: SO(4) — so(4)

By Theorem 2.2, a rotation matrix for n = 4 is given by:

R=1I,+sin0,B; + (1 — cos ;) B?

R =14+ sin61 By +sin 03By + (1 — cos 91)Bf
+ (1 — cosby) B3

where By and By are all 4 x 4 skew-symmetric matrices,
and:

BiBy = ByB; =0
B} =-B,
B3 = —B,



The first case in which 76; has multiplicity 2 is analo-
gous to the case of a rotation in SO(3). We can compute
cos 0, easily because:

tr(R) = 4 cos 6,

The case §; = 7 requires computing B; from BZ. This
subproblem is solved in Section 7.

In the second case, 01 # 05, with 0 < 0; < 7. This is
analogous to the case of a rotation in SO(3).

In all cases, we know that cos f; and cos 65 are double
eigenvalues of 1/2(R + RT), but we can easily compute
cosfy + cosfy and cosfy cosblp, and cosf; and cosfy are
the roots of a quadratic equation that will be found
explicitly.

The properties of the B;’s immediately imply that:

R?* = I, 4 sin 260, B; + sin 20,85 + (1 — cos 291)Bf

+ (1 — cos 26,)B3
As By and By are skew-symmetric, we get:

%(R — RT) = sin 9131 + sin 0232
%(R2 — R®T) = sin 20, B; + sin 20, B,
tr(R) = 2cos 0y + 2 cos O3

We first look at the special cases in which sinf; = 0 or
sinf#; = 0. Assume that §; = 7 and 65 # 7, the case where
0, # m and 05 = 7 being similar. Then we get:

$(R—RT) =sinf,B,

from which we can compute By. We can now compute B?
from:

1(R+ R") = 2B} + (1 — cos ) B3

Finally, we have to compute B; from B?. This subproblem
is solved in Section 7.

We may now assume that sinf; # 0, for i = 1, 2. We
show the following proposition:

Proposition 3.1. The numbers cosf; and cosf, are
solutions of the equation 2% — pz + ¢ = 0, where:

p = cosby + cos by = 3tr(R)
= cos ) cosfy = %tr(R)2 - 11—6‘51"((3 — RT)2) -1
Proof. We know that:
1(R—RT) =sin6; By +sin 6B,
and:
tr(B}) = -2 tr(B3) = —2
Therefore, some algebra yields:
1tr((R— RT)?) = 2cos® 01 + 2cos® B — 4

As we also know that:

tr(R) = 2cosfy + 2 cos Oy

we easily get the desired expression for p = cos 61 + cos 5
and ¢ = cos 01 cos 0s.
Note in passing that we also have:

cos? 01 cos® 0y = det(%(R + RT))

which is the product of the eigenvalues.
Consider the system:

1(R—RT) =sin0; By +sin 6B,
%(R2 — R®T) = sin 20, B; + sin 20, B,
The determinant of the above system is:
28in 0y sin Oz (cos O — cos 61)

As we assumed that sinf; # 0 and 0 < 0; < 7w for i = 1,2,
we have cosfy # cosf;, and the system has a unique
solution for By and Bs. O

4. Computing log: SO(n) — so(n)

Given an orthogonal matrix R € SO(n), we would like to
find a logarithm of R, that is, some skew-symmetric matrix
B such that R = e®. By Theorem 2.2 and Lemma 2.4, we
know that we can look for a matrix:

B=6B1+ - +0,B),
where:
{161, —i01,...,i0,, —16,}

is the set of distinct eigenvalues of B, with 0 < 0; < 7, and
By, ..., B, are skew matrices such that:

B;Bj = BjB; =0, (i # j)
B} = —B;

for all 7,5 with 1 < 14,5 < p and 2p < n. Then, we have:

p
R — 69131+-..+9po e In —+ Z(§1n0le + (1 — COS 91)33)
i=1

As we observed earlier:
{cosBi,...,cos6,}

is the set of eigenvalues of the symmetric matrix

1/2(R+ RT7) that are different from 1. Furthermore,

{cos b1, ...,cos6,} can be computed as the set of eigenval-

ues of the symmetric matrix 1/2 (R 4+ RT) that are different

from 1. The question is, how can we compute By, ..., B,?
Since

R — 601B1+'--+0po

we get:

RI = 91 Bit+i0pBp

and thus:

P P
R/ =1,+) sinj0;B; + Y (1—cosjb;)B}

i=1 i=1



Then, we get the system:

1(R—RT) Zsmﬁ B,
1(R? - R?) Zsm 20, B;
(R —R%T) = Zbln39 B;
1(RP — RPT) ZsmpG B;

As we will prove shortly, the determinant:

sinfy sinfy --- sinf,
sin20; sin20y --- sin26,

p = (5)
sinpf; sinpfy --- sinpb,

of this system is given by the formula:

P
5 = orlp=1)/2 Hsin@i H (cosf; — cosb;)
=1

1<i<j<p

When 0 < 6; < w for i = 1,...,p, the determinant 5]’0 is
non-null. On the other hand, —1 is an eigenvalue of R iff
0; = m for some j. Without loss of generality, we may
assume that 0, = 7 iff —1 is an eigenvalue of R, and we get
the following theorem.

Theorem 4.1. Given any rotation matrix R € SO(n),
where n > 3, let:
{e’iel , 6—7,'91, ey 6i0p7 e—iep}

be the set of distinct eigenvalues of R different from 1,
where 0 < 6; < m. Then, there are p skew-symmetric
matrices By, ..., By such that:

BiBj = BjBi =0, (i #=j)
B} = —B;
for all ¢, 7, with 1 <4, j < p, and 2p < n, and:

R = 691Bl+w+9po

so that:
B=0B1+---+0,B,

is a logarithm of R. Furthermore, if —1 is not an eigenvalue
of R, the matrices B,..., B, are unique, and if —1 is an
eigenvalue of R, the matrices By, ..., B,_; are unique and
the skew-symmetric square root of Bf, can be determined
using the method of Section 7.

Proof. First, assume that —1 is not an eigenvalue of
R, so that 6, # 7. We observed earlier that the determinant

of the system determining B, ..., B, is:
sinf; sinfy --- sind,
sin260; sin26, --- sin26,
sinpf; sinpfy --- sinp6,

Thus, we need to compute 9),.
From the identity:

(cos@ +isin @)™ = cosnb + isinnd

we get:

3

sinnf = sin @ cos" 1 — cos™ 3 fsin? 0

n
+ cos" P Osint O + - -
5

As all the powers of sinf in the sum are even, using the
fact that cos? 6 +sin? @ = 1, we can express the sum within
the parentheses in terms of cos # only, so that:

sinnf = sin@(a,_, cos" 10 + a,_zcos" 2O+ ---)

Similarly:

cosnf =cos™ 6 — cos" 2 0sin% 0

n
+ cos" 4 0sint 0+ - -
4

so that cosmnf can be expressed in terms of cosf only, and
we get:

cosnb = b, cos™ 0 + b,_scos" 20 + - - -
We claim that:
ap_q =b, =271
This is easily shown by induction using the identities:
sin(n 4+ 1)0 = sinnf cos § + cosnf sin §
and:

cos(n + 1)0 = cosnb cos  — sinnf sin 6

Now, if we look at the determinant:

sinf; sinfp --- sind,
sin26; sin20, --- sin26,
5 =
P
sinpfy sinpfy --- sinpf,



and express each sin j6; using:
sin jfy, = siny, (277" cos’ ! O, + s;(cos Oy))

where s;(X) is a polynomial of degree j — 3, we can factor
sin @, from each column, and we get a determinant where
the jth row is of the form:

207 cos? ™1 ) + sj(cosby) - -
297  cos? ™1 6, + sj(cos0,)
and where the first row is:
1 1

Then, we can cancel all constant terms in rows 2,...,p
by subtracting some appropriate multiple of the first row;
every term of degree 1 in rows 3,...,p by subtracting
some appropriate multiple of the second row; every term of
degree 2 in rows 4,...,p by subtracting some appropriate
multiple of the third row; and so on, so that in the
end we get the product of the Vandermonde determinant
V(cosb,...,cos6,) by the determinant of the diagonal
matrix:

diag(1,2,22,...,2°71)

The result is indeed:

P
&, = or(P=1)/2 HsinGi H (cos®; — cosb;)

i=1 1<i<j<p

Under the assumptions of the theorem, namely, 0 < 0; < 7
and 0; # 0; for i # j, we have 0;, # 0.

When —1 is an eigenvalue of R, we have 6, = 7. In
this case, sinf, = 0, and the above system involves only
Bi,...,Bp_1, which are uniquely determined because the
determinant 6, ; is non-null. Finally, because:

p
$(R+RT)=1T,+ Y (1—cost;)B;

i=1

with 0, = 7, we get:

p—1
Bf) = %(R—i—RT) —_ % (In + Z(l — COSGQBE)

i=1

and we can compute B, given Bg using the method
presented in Section 7. Thus:

B=9131+~-~+9po

is a logarithm of R. O

5. A Rodrigues-Like Formula for
exp: se(n) — SE(n)

In this section, we give a Rodrigues-like formula showing
how to compute the exponential e of an element  of the
Lie algebra se(n) of the Lie group SE(n) of (affine) rigid
motions, where n > 3.

First, we review the usual way of representing affine
maps of R in terms of (n 4+ 1) x (n 4 1) matrices.

Definition 5.1. The set of affine maps p of R™ defined
such that:

p(X)=RX +U

where R is a rotation matrix (R € SO(n)) and U is some
vector in R", is a group under composition called the group
of direct affine isometries, or rigid motions, denoted as
SE(n).

Every rigid motion can be represented by the (n+4 1) x
(n + 1) matrix:

R U
0 1
in the sense that:
p(X)\ (R U X
1/ \o 1)\
iff
p(X)=RX+U

Definition 5.2. The vector space of real (n+1) x (n+1)
matrices of the form:

B U
0 0

0=

where B is a skew-symmetric matrix and U is a vector in
R™ is denoted as se(n).

The group SE(n) is a Lie group, and se(n) is its
Lie algebra. In order to give a Rodrigues-like formula for
computing the exponential map exp: se(n) — SE(n), we
need the following key lemma.

Lemma 5.3. Given any (n + 1) x (n + 1) matrix of the
form:

B U
0 O

Q:

where B is any matrix and U € R", we have:

eB VU
St =
0 1
where:
Bk
V=I,+

|

= (k+1)

Proof. A trivial induction on k. O

Observing that:

V=I,+Y bt —/1 Bt
— G

E>1

we can now prove our main result.



Theorem 5.4. Given any (n+ 1) x (n+ 1) matrix of the
form:

Q:
0 0

where B is a non-null skew-symmetric matrix and U € R"”,
with n > 3, if:

{i6y,—i0y, ..., i0,, —i0,}

is the set of distinct eigenvalues of B, where 6; > 0, there
are p unique skew-symmetric matrices B4, ..., B}, such that
the three equations (1)—(3) hold. Furthermore:

e VU
et =
0 1
where:
P
=1, + Z(sin 0;B; + (1 — cos 6;) B?)
i=1
and:

- Z ( —cosb;) B+ (0; —géinﬁi)Blg)

Proof. The existence and uniqueness of By,..., B,
and the formula for e? come from Theorem 2.2. Since:

1
Bt
= E dt
V=1I+ k:—l—l /0 e
k>1

we have:

P
I, + Z (sin t0;B; + (1 — cos tﬂi)Bf)

1
V= /
0 i=1
_ 1
- Z ( cost@ <t SlI;?Gi) Bf)
¢ 0
P .
(1 —cosb;) (0; —sinb;) _,
- In + Z < ’L + 02 Bi O

Remark. Given:

dt

Q:
0 0

where B = 0,81 + --- + 0, B,, if we let:
B, U/6;
0 0

P =

using the fact that B} = —B; and:
BF BF'U/6;
0 0

Ok —

it is easily verified that:

P
=1, 1 +Q+ Z ((1 —c0s0;)07 4 (0; — sin@i)Qf)

i=1

6. Computing log: SE(n) — se(n)

Given an element:

R U

of SE(n), because R is a rotation matrix, we know from
Lemma 2.4 that if:

{6191 , 6—1917 e 619,,7 6—191[,}

is the set of distinct eigenvalues of R different from 1,
where 0 < 6; < m, there are p skew-symmetric matrices
By, ..., By such that:

B;Bj = B;B; =0, (i#j)
B} = -B;

for all ¢,j with 1 < ¢,j < p, and 2p < n, and furthermore:

p
R= 691Bl+~.~+9po =1, + Z (sanZBz + (1 — COS al)B?)
i=1

We can also compute Bi,...,B, from R, as shown in
Section 4. Thus, if V is invertible, we have a method to
compute a log of M.

Using Theorem 5.4 we can prove that V' is invertible.
This yields a fairly direct proof of the surjectivity of the
exponential map exp: se(n) — SE(n), and gives a method
for computing some determination of the (multivalued)
function the log function.

Theorem 6.1. The matrix:

. Z ( —cosb;) B+ (0; —;in&i)Bi2>

from Theorem 5.4 is invertible.

Proof. Since:

P .
V1 4 Z ((1 cos Gz)Bi N (0; 0§1n62)3i2>

Let us assume that the inverse of V' is of the form:

p

i=1



The condition VW = I,, is expressed as:
(1 —coséb;) (0; —sinb;) o
I, =1, B2 B;
+ Z ( + :

P
+ (ciBi + @B?)
i=1

P
N ((1 — cos ;) B2 (1 —cosb;)5; B,
i=1 91‘ 91
_ (02 — sin@ﬂaiB’ _ (92 — sm@z)@Bz
0; ' 0; ‘
P .
sinf;a; (1 —cosb;)B; (1 —cosb;)

:I”.Z( A A

P . .
(1 — cos 9 sin®;5;  (6; —sinb;) 9
+ E ( ‘4 0, + 5 >BZ-

Thus, we just have to solve the p systems of equations:

sin0;«; — (1 — cos;)3; = cosb; — 1
(1 — COS GZ)OZZ + sin0i6i = sin97; - 91

Since the determinant of the above matrix is:
sin?0; + (1 — cos 0;)% = 2(1 — cos 6;)

and 0 < 0; < 7, the matrix is invertible and the system
has a unique solution. In fact, ; and §; are given by:

«; 1 sin 0; (1 —cosb;)

—(1 — cos ;) sin 6;

8i ~ 2(1 —cos ;)

cost; — 1
X
Sin@i — Gi
That is:
0;
o = ——
2
91' sin 91
I
p 2(1 — cos ;)

Therefore, the inverse of V is:

=1 +ZP: iy (1o Jdisinbi ) g g
" P 2" 2(1 —cosb;) ) "

Remark. This formula is equivalent to the formula
given in the Appendix of Murray, Li, and Sastry [16] in the
special case of SE(3). This is because:

Osind  Osinf(1+cosf)  O(1+cosf)
2(1 —cosf) 2(1—cosf)(1+cosf)  2sinf
and thus:

Osinf  2sinf — (1 + cosh)
2(1 —cos) 2sin6

1—

which is the expression found in Murray, Li, and Sastry
[16], except that our B;’s are normalized. Note that this
expression is not well defined for # = 7. Our expression
does not suffer from this minor problem.

7. A Method for Computing B Given B?

As we saw in Section 4, in order to compute a logarithm
of an orthogonal matrix, it may be necessary to compute
a skew-symmetric matrix B given its square B2. Actually,
the eigenvalues of B’s are 44, and this simplifies the
problem. We need to solve the following problem: find a
skew-symmetric matrix B such that A = B? is a given
non-null symmetric matrix with eigenvalues —1 or 0, with
an even number of —1. It is slightly more convenient to
look for a skew-symmetric B, given A = —B?, as A is then
a non-null symmetric matrix with eigenvalues +1 and 0,
with an even number of +1. Since A is a symmetric matrix
whose eigenvalues are known, the problem can be solved by
diagonalizing A. Then, if A = PDPT, with P orthogonal,
as D has an even number of 4+1’s, we form E from D by
replacing every 2 x 2-identity block I5 in D by:

J:
1 0

and we let B = PEPT. Since J2 = —I,, we get:
E?=-D
and then:
B? = PEPTPEPT = PE*PT = —PDPT = - A

Therefore, A = —B?, as desired. In principle, the problem
is solved. Actually, becuase the eigenvalues of A are special
(41 and 0), a simple method based on the Gram—Schmidt
orthonormalization procedure can be designed, as we now
explain. As A = PDPT, where D is a diagonal matrix con-
sisting or 0’s and 1’s, we have A% = A. As a consequence,
every non-null column U of A is an eigenvector of A for the
eigenvalue 1, that is, AU = U. Thus, we use the following
inductive method to diagonalize A.

If A =0 (the null matrix), then B = 0. Otherwise,
proceed as follows. Let (eq,...,e,) be any basis of R™, for
instance, the canonical basis (where the ith entry of e; is
1, and all other entries are 0).

Let U; be any non-null column of A (for instance,
the left-most non-null column). As U; is non-null, let i be
the index of some non-null entry in U; (for instance, the
least index i, or the least index such that the ith entry is
maximum). We now form the new basis:

(U1,€1,...,€i_1,ei+1,...,6n)

obtained from (ej,...,e,) by replacing e; by U; and
reordering the vectors so that U; is now the first vector.
This new basis is generally not orthonormal, and we apply
Gram—Schmidt (or any of its variants, such as modified
Gram-Schmidt; see Golub and Van Loan [22] or Trefethen
and Bau [23]) to get an orthonormal basis:

! / / / /
(Ui, €lsen s € 15€5405---5€p)

This basis defines an orthogonal matrix @;, and we
compute:

= Q1A



As Uj is just U; normalized to unit length, U] is an
eigenvector of A for the eigenvalue 1, and A, is of the form:

1 0
0 A

Ay =

We can now repeat the above procedure inductively on A},
which is an (n — 1) x (n — 1) matrix. This will yield an
orthogonal (n — 1) x (n — 1) matrix Q% such that:

D' = QY A1Q5

where D’ is a diagonal (n — 1) x (n — 1) matrix of 0’s and
1’s. Then:

1=@yD'QY

and we form the orthogonal matrix:

1 0
Q=
0 Q3
and the diagonal matrix:
1 0
D =
0 D
so that:
Ay = Q2DQ;
and we finally get:
A=QDQT

where @ = Q1Q5.

In forming the matrix F, instead of using the matrix:

we can use the matrix X = —.J, since we also have K2 =
—1I5. This is the reason why B is not unique. In fact, if
A has the eigenvalue 1 with multiplicity 2q, there are 2q
possibilities for B (recall that we are looking for B such
that B2 = —A, where A is a non-null symmetric matrix
with eigenvalues +1 and 0, with an even number of +1).

8. Conclusion

In this work, we have given a generalization of
Rodrigues’ formula for computing the exponential map
exp: s0(n) — SO(n) when n > 4, and we have also given a
method for computing some determination of the (multi-
valued) function log function log: SO(n) — so(n). A sub-
problem arising in computing log R, where R € SO(n), is
the problem of finding a skew-symmetric matrix B, given
the matrix B2, and knowing that B? has eigenvalues —1
and 0. Technically, the key result is the decomposition
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of a skew-symmetric n X n matrix B in terms of some
skew-symmetric matrices having some special properties.
We also showed that there is a Rodrigues-like formula for
computing this exponential map exp: se(n) — SE(n),
and we gave a method for computing some determination
of the (multivalued) function log: SE(n) — se(n). As a
corollary we obtained a direct proof of the surjectivity
of exp: se(n) — SE(n). The method for computing log:
SO(4)— s0(4) has been implemented. It has applications
to a locomotion problem, where the parameter space is
modelled by R* (see Sun, [25]). The problem of interpo-
lating between two rotations Ry, R2 € SO(4) comes up
naturally. Our methods can be used to perform motion
interpolation in SO(n) or SE(n) for fairly large n, but we
are unaware of practical applications for n > 5. We are
hoping that such problems will arise in the future, perhaps
in robotics or even physics.
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